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ABSTRACT

In inertial confinement fusion systems, achieving ignition can be pursued through two main approaches—central hot-spot ignition and fast
ignition. Due to disparate formation mechanisms in these methods, the initial temperatures of electrons and ions in the hot spot often differ,
highlighting the limitations of equilibrium theoretical models in accurately capturing the ignition conditions and evolution of the hot spot. In
this work, we present a non-equilibrium model and extended this model to both isobaric and isochoric scenarios, characterized by varying
hot-spot densities, temperatures, and expansion velocities. In both cases, a spontaneous self-organization evolution was observed, manifesting
as the bifurcation of ion and electron temperatures. Notably, the ion temperature is particularly prominent during the ignition process. This
inevitability can be traced to the preponderant deposition rates of alpha-particles into D–T ions and the decreasing rate of energy exchange
between electrons and D–T ions at elevated temperatures. The inherent structure, characterized by higher ion temperature and lower electron
temperature during ignition, directly contributes to the augmentation of D–T reactions and mitigates energy losses through electron conduc-
tion and bremsstrahlung, thereby naturally facilitating nuclear fusions.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0211691

I. INTRODUCTION

Inertial confinement fusion encompasses several approaches to
ignition, including central hot spot ignition,1 volume ignition, such as
double shell, and fast ignition capsules. Each approach involves distinct
processes for the formation of a hot, burning plasma. In central
hot-spot ignition, for instance, pulse shaping of the laser is crucial to
selectively compress and heat a portion of the D–T fuel to ignition
conditions. In this ignition method, which is powered by x-rays or
lasers, the D–T gas, along with the surrounding high density D–T fuel,
is compressed inward, leading to the formation of a high-temperature
hot spot at the core of the fuel. Conventionally, the hot spot achieved
through this design maintains nearly constant pressure compared to
the surrounding cold fuels.2 During the implosion process, the major-
ity of the shock wave energy is deposited into ions, resulting in elevated
ion temperatures, as experimentally verified.3 In contrast, the fast igni-
tion scheme separates the compression and hot-spot formation pro-
cesses.4–6 During the compression, the density remains uniform,

necessitating the employment of an isochoric model.7–9 After the com-
pression process, a beam of fast electrons is injected and deposited,
resulting in the formation of a localized hot spot with an electron tem-
perature significantly higher than that of the ions.6

The central hot-spot design has remained the prevailing strategy
and has attained several milestones in recent years, e.g., burning plasma
state,10 ignition,11 and “scientific breakeven.”1 Despite this achievement,
there are still unresolved facets of new physics within the burning plas-
mas and ignition processes, as detailed in Refs. 10, 12, and 13. These
include kinetic effects and the energy transfer mechanisms of a-particles
during the self-burning processes, as evidenced in Ref. 14.

Concerning the unresolved ignition queries, previous theoretical
efforts have primarily resorted to a simplified equilibrium model.15–19

For the sake of simplicity, it has become commonplace to assume
nearly identical ion and electron temperatures throughout the ignition
process.20,21 However, this approach overlooks the likelihood of non-
equilibrium ion and electron temperatures. We hypothesize that, at
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high temperatures, the equilibrium condition might be disrupted due
to different heating mechanisms acting on ions and electrons, resulting
in distinct evolution.

In Fan’s work, the ion-electron non-equilibrium ignition was
theoretically studied through the introduction of a two-
temperature model.22 They consider separate thermal equilibrium
of ions and electrons at temperatures Ti and Te (Ti 6¼ Te).
Consequently, these two components evolve independently with
energy exchange between them due to ion-electron collisions.
According to their findings, an initially higher hot spot ion temper-
ature compared to electrons enhances nuclear reactions and
reduces energy loss of electron conduction and bremsstrahlung,
thereby facilitating ignition. Building upon their model, we further
develop an isochoric model for fast ignition, depict the ignition
condition in different cases, and provide a detailed analysis of dif-
ferent heating stages during both hot-spot ignition and fast ignition
processes. In the context of fast ignition, the disparity between ion
and electron temperatures exerts a significant influence on the
heating process due to extreme density, offering valuable insights
for optimizing the hot-spot formation process. Additionally, dispa-
rate deposition rates of alpha-particle heating of ions and electrons
lead to the bifurcated evolution of ion and electron temperatures,
ultimately and naturally benefiting ignition.

The organization of this paper is as follows. In Sec. II, we intro-
duce the equations that form the basis of our non-equilibrium model.
Subsequently, Sec. III offers an overview of the data sources employed
and presents our simulation outcomes for both the isobaric and iso-
choric models. Furthermore, Sec. IV delves into a theoretical analysis
of the distinct temporal stages observed in the heating process. Finally,
Sec. V concludes the paper by summarizing our key findings and dis-
cussing their implications.

II. NON-EQUILIBRIUMMODEL

The hot spot, characterized by its radius Rh and total density qh,
can be simplified as comprising two components: D–T ions and elec-
trons. Ion temperatures and pressures are denoted as Ti andPi, respec-
tively, and electron temperatures and pressures are denoted as
Te andPi, respectively; then, we define the hot-spot equilibrium tem-
perature as Th � ðTi þ TeÞ=2 and introduce a non-equilibrium factor,
f ¼ Ti=Th.

During ignition, the alpha particles produced by D–T reactions, pri-
marily concerned with the ion temperature Ti, deposit energy into the
hot spot at a total power of Wa ¼ Aaq2hhrvifa in unit of W/m3 (note
that all units of energy discussed in this work follow the International
System of Units and are W/m3), with Aa ¼ 8� 1040 erg=g2. Here, hrvi
is the cross section of D–T fusion, expressed as a function of Ti.

5 The
deposition rate of a in hot spots fa has a form of

fa ¼
ð3=2Þsa � ð4=5Þs2a; sa � 1=2;

1� ð1=4Þsa�1 þ ð1=160Þs�3
a ; sa � 1=2;

(
(1)

where sa ’ 9� lnKqhRh=T
3=2
h . This energy deposition heats the ions

and electrons in the hot spot by fractions of fai ¼ Te=ð32þ TeÞ
and fae ¼ 1� fai, respectively, where Te is given in kilo-electron volt.23

The energy losses in the system occur through electron thermal
conduction with the surrounding main fuel, given by

We ¼ 3AeT7=2
e =R2

h= lnK with Ae ¼ 9:5� 1019 erg s�1 cm�1 keV�7=2,
and through electron bremsstrahlungWr ¼ Arq2hT

1=2
e with Ar ¼ 3:05

�1023 erg cm3 g�2 s�1 keV�1=2. The Coulomb logarithm lnK can be
expressed as 0:5� ln ½1þ ðbmin=bmaxÞ2�,24 where bmin is the maxi-
mum between the classical impact parameter and the De Broglie wave-
length, and bmax is the Debye length. Additionally, the expansion of
the ions and electrons within the hot spot, together with speed uh,
contributes to energy loss with powers of Wm;i ¼ 3Piuh=Rh and
Wm;e ¼ 3Peuh=Rh, respectively. Furthermore, energy
exchange between ions and electrons occurs through collisions, con-
tributing to a power of Wie ¼ Ax;eiq2h lnKðTi � TeÞ=T3=2

e , where

Ax;ei ¼ 5:6�1014 kJ cm3 g�2 s�1 keV1=2.
The temporal evolution for the temperatures of ion and electron

energies, accounting for both the energy gains and losses in the hot
spot, is expressed as follows:22

CV ;iqi
dTi

dt
¼ Wafai �Wie �Wm;i; (2)

CV;eqe
dTe

dt
¼ Wafae þWie �Wm;e �Wr �We; (3)

where CV ;i and CV ;e are the specific heat of ions and electrons, respec-
tively, and qi and qe are the density of ions and electrons, respectively.

We account for energy spreading outside the hot spot by includ-
ing the electron bremsstrahlung power Wr and electron thermal con-
duction We. The latter contributes to main fuel ablation, ultimately
increasing the hot-spot mass, which is expressed as20,21,25

dqhVh

dt
¼ Wr þWe þWað1� faÞ=fa½ �Vh

Cv;iTi þ Cv;eTe
: (4)

Our primary interest lies in the density variation; therefore, we formu-
late the contribution of volume Vh and rewrite Eq. (4) as

dqh
dt

¼ Wr þWe þWað1� faÞ=fa
Cv;iTi þ Cv;eTe

� 4pR2
hqhuh
Vh

; (5)

considering the hot-spot expansion rate given by

dRh

dt
¼ uh: (6)

In our research, significant attention is focused on the moment of
stagnation, which lies between the end of compression and the decom-
position of the hot spot. This transient yet pivotal moment exhibits
distinct behaviors in response to the different ignition approaches. In
the case of central hot-spot ignition, the hot spot follows the isobaric
description, where the hot-spot pressure approximates that of the sur-
rounding cold fuel, resulting in minimal alterations to its radius.21,26

Conversely, the fast ignition scheme features a hot-spot density that
closely mirrors the cold fuel, utilizing the isochoric model.7

Consequently, the hot spots expand due to pressure differentials. The
intricate relationship between these models is graphically represented
in Fig. 1. The respective expansion rates for these models are mathe-
matically described in Ref. 5,

uh ¼
�0; Isobaricmodel;

� 3
4
CBTh

qh
qc

� �1=2

; Isochoricmodel;

8><
>: (7)
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where CB is related to the Boltzmann constant, for D–T fuel,
CB ¼ 4kB=ð2me þ 5mpÞ ¼ 7:66� 1014 erg=ðg keVÞ, and qh and qc
are, respectively, the density of the hot spot and the main fuel. Due to
the physical nature of these four equations, our model can only be
applied during the stagnation phase, which is the time period when
compression is essentially completed, but the burning wave has not yet
disintegrated the hot spot. Therefore, our assumption of no expansion
in the isochoric model is justified.

By solving the aforementioned set of four differential equations,
we obtain valuable insights into the ignition processes, which are eluci-
dated in Sec. III.

III. NUMERICAL RESULTS

In Sec. II, we have presented a set of differential equations for
temporal evolution of physical quantities, using the basic forward
Euler method. In this section, this set of equations is numerically
solved and displayed. In Table I, the initial parameters are displayed,
and especially, the areal density is kept the same in both models for a
consistent comparison between them.

To investigate the non-equilibrium dynamics comprehensively,
we conduct numerical analyses with initial states of various conditions
for both isochoric and isobaric models. Our study involves analyzing
the temporal evolution of the electron temperature and ion tempera-
ture. Additionally, we explore the distribution of initial values leading
to successful ignition within the phase space (areal density and temper-
ature) over a finite time. These analyses aim to delineate the ignition
thresholds associated with distinct equilibrium factors and models.

A. Isobaric model

Figure 2 shows the temperature evolution for the isobaric model.
From this evolution curve, we find that the electrons and ions first
undergo energy exchange with each other, similar to a relaxation pro-
cess.27 Then, the temperature of the two species rises steadily until it
reaches a certain value where separation occurs, which will be dis-
cussed in detail in Sec. IV. During the entire process, a remarkable
phenomenon occurs: after reaching a specific value, the temperatures
of ions and electrons spontaneously diverge, ultimately reaching their
saturated states. This heating process can be therefore broadly catego-
rized into four distinct stages, and in the following, we will elucidate
each of them.

Under the influence of the non-equilibrium factor, we can find
that the ignition is more easier to achieve under same initial conditions
when the non-equilibrium factor is high, which means the initial tem-
perature of ions is higher than that of electrons.

B. Isochoric model

Figure 3 reveals that the temporal evolution of temperatures for
the isochoric model is quite similar to that of the isobaric model. The
influence of the non-equilibrium factor remains consistent with that
observed in the isobaric model. Notably, the temperature of ions plays
a pivotal role in the heating process. However, there still exist two

FIG. 1. Schematic description of isobaric and isochoric hot-spot ignition models.

TABLE I. Numerical analyses with different initial conditions, including the radius,
density and temperature of the hot spot, for both isobaric and isochoric models.

Scheme Rh (lm) qh (g/cm
3) Th (keV) qc (g/cm

3)

Isobaric model 100 100 8 1000
Isochoric model 100 300 8 300

FIG. 2. In the isobaric model, with areal density of qhRh ¼ 10 g=cm2, the ion and
electron temperature rise as a function of time for different initial non-equilibrium
factors f ¼ 0:8, 1 and 1.2. These two temperatures would finally become bifurcated
and reach saturated values.
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main differences. First, if the time duration is significantly extended,
the temperature of both ions and electrons will decrease as a result of
the expansion of the hot spot, and this trend is more significant in the
isochoric model. Second, by comparing the first 5 ps in Figs. 2 and 3,
we observe significant differences in between the isobaric and isochoric
models. Notably, in the isochoric model, DT hot spot heats up consid-
erably faster than the isobaric model, resulting in a much higher peak
temperature.

C. Ignition condition

The ignition threshold curve in Fig. 4 establishes the boundaries
within the initial phase space (areal density and temperature) that per-
mit successful ignition within a finite time span. In our simulations, a
main criterion on the second derivative of temperature (d2T=dt2 > 0)
has been applied to determine the success of the ignition for a given set
of initial conditions.11,28 It is worth mentioning that a stronger ignition
condition is used in the literature.29 This does not change our conclu-
sions, but would change the location of the ignition curves to higher
temperature and areal density. Specifically, an excessively low areal
density is precluded as it hinders electron heat conduction at elevated
temperatures, as discussed in Ref. 30. Conversely, a high areal density
enables the temperature to approach closely the critical value of
4.3 keV, which is essential for self-heating. In general, our ignition
threshold curve shares the same signatures with other detailed
analysis21,29 and gives a wider allowed area for ignition at high temper-
atures. We further explore the effects of non-equilibrium factor f. With
larger f applied, the ignition area will be expanded.

In comparison, the isobaric model exhibits less stringent ignition
requirements than the isochoric model, as shown in Fig. 4. Regardless
of the model chosen, an increase in the non-equilibrium factor plays a
pivotal role in expanding the ignition area. This underscores the posi-
tive impact of enhancing the non-equilibrium factor, which effectively
lowers ignition thresholds.

IV. ANALYSIS OF IGNITION EVOLUTION

In the ignition process, depicted in Fig. 5, intriguing phenomena
emerge, indicating that the heating process can be segmented into four
distinct stages: thermal equilibrium (stage A), co-heating (stage B),
bifurcated heating (stage C), and attaining saturated temperatures
(stage D). We aim to delve into each of these processes and provide a
theoretical analysis. Figure 5 also illustrates the power per unit volume
throughout the ignition process. Notably, the expansion work in the
isobaric model is ignored. The exchange energy between ions and elec-
trons, however, is influenced by both the temperature of the ions and
electrons, necessitating the utilization of an absolute value for this par-
ticular energy component.

Our focus will primarily be on analyzing the isobaric model, while
the ignition process is also shown in Fig. 6. As mentioned in Sec. IIIB,
the isochoric model exhibits similarities to the isobaric model in terms
of its physical characteristics. However, a key distinction lies in the
final process, which is influenced by the dominance of expansion
powerWm.

A. Reaching a dynamic equilibrium

At the beginning, the average temperature of ions and electrons
does not increase significantly, but the temperature difference gradu-
ally decreases, as presented in the stage A of Fig. 5. We therefore sub-
tract Eq. (2) from Eq. (3), to derive the temperature differences
between ions and electrons. With relations CV ;i ¼ 3kB=ð2miÞ,
CV ;e ¼ 3kB=ð2meÞ, and CV ;iqi ¼ CV ;eqe, we can get

CV ;iqi
dDT
dt

¼ Wa
Te � 32 keV
Te þ 32 keV

� 2Wie

�Wm;i þWm;e þWr þWe; (8)

where DT ¼ Ti � Te. In the isobaric model, uh � 0, meaning that the
expansion of ions and electrons does not contribute to energy loss.
Consequently, both Wm;i and Wm;e are zero. At the beginning of the

FIG. 3. In the isochoric model with an areal density qhRh ¼ 10 g=cm2, the ion and
electron temperature rise with time at different initial non-equilibrium factors
f ¼ 0:8, 1, and 1.2. These two temperatures will become bifurcated and eventually
decrease due to expansion.

FIG. 4. The ignition condition for both isobaric and isochoric models. When the ini-
tial condition of the hot spot is above the curve, the ignition would take place.
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ignition process, when the electron and ion temperature are suffi-
ciently low, Wa / hrvi, which strongly depends on the ion tempera-
ture,5 Wr / T1=2

e and We / T7=2
e . Instead, Wie / DT 	 T�3=2

e , which
means that at low temperatures, energy exchange between the ions
and electrons dominates, as demonstrated in Fig. 5. Also, due to the
DT dependence and the large coefficient Ax;ei in the ion-electron
energy exchange power Wie, Wie will dominate for a while before
the temperature reaches a high level. Consequently, the temperature
difference between ions and electrons starts to shrink, reaching a

dynamic equilibrium. However, when the initial temperature differ-
ence is minimal (i.e., f is close to 1), the process becomes less distinct,
as it can be interpreted as having reached a state of dynamic
equilibrium.

In comparison, we choose f ¼ 0:8 < 1 in the isochoric case
shown in Fig. 6 and find the stage A disappears. The much denser hot
spot in the isochoric case leads to a dominating a-particle heating, thus
preventing ions and electrons to reach a thermal equilibrium and mak-
ing stage A invisible.

FIG. 5. The ignition process for an isobaric model, with Ti , Te, Wa, Wie, Wr , and We evolving as a function of time. It’s important to note that since our differential equation only
holds at the stagnation moments, the curve after 100 ps is just an esthetic extension.

FIG. 6. The ignition process for an isochoric model, with Ti , Te, Wa, Wie, Wr , We, and Wm ¼ Wm;i þWm;e evolving as a function of time.
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B. Co-heating as an equilibrium model

As the ion and electron temperatures converge, they can be
heated simultaneously under the influence of an increasing a-particle
heating power Wa, as shown in stage B of Fig. 5. During this process,
the ion-electron collisions maintain Te 
 Ti dynamically, by balancing
the terms, e.g.,Waðfai � faeÞ, 2Wie,Wr , andWe, in Eq. (8). During the
B stage depicted in Fig. 5, the a-heating power significantly surpasses
other energy loss powers, resulting in a co-heating process. However,
as the electron temperature Te rises, the electron conduction power
experiences a remarkable increase due to its T7=2

e dependence. When
the electron temperature approaches approximately �32 eV,
Wað fai � faeÞ undergoes a sign change, indicating that the difference
between the a-particle heating contributions to the ion and electron
temperatures is poised to reverse. These observations suggest that the
balance maintained by the ion-electron collisions in Eq. (8) may be
disrupted.

C. Bifurcated heating

In stage C depicted in Fig. 5, the evolution of the ion and electron
temperatures, Ti and Te, diverges significantly. This divergence can be
attributed to the weakened ion-electron energy exchange power,
Wie / DT=ðTeÞ3=2, at high electron temperatures, as well as the differ-
ing energy loss and heating mechanisms between ions and electrons.

The heating effect on electron temperature is significantly sup-
pressed, while ion temperature heating remains robust during stage C.
For electrons, the significant enhancement in electron conduction loss,
We / T7=2

e � 1028, strongly constrains the growth of the electron tem-
perature, Te. As evident in Eq. (3), the a-particle heating power,
Wa � 1028, is effectively suppressed by We. Furthermore, the electron
temperature Te increases at a rate proportional to Wie / DT=ðTeÞ3=2,
which is insufficient to keep up with the ion temperature. This trend is
clearly illustrated in Fig. 5. Consequently, the electron temperature
exhibits a slow growth (DTe � 5 keV) that can be disregarded, result-
ing in a gradual increase inWe toward a maximum value. Meanwhile,
fai and fae remain virtually unchanged, andWie exhibits a nearly linear
increase with / DT . For ions, we examine Eq. (2) and discover that
they lack a significant energy loss mechanism besides transferring
energy to electrons through collisions. Given the slow but steady
increase in the relatively low energy exchange power Wie, the heating
effect from a-particles, represented by Wai ¼ Wafai, dominates the
ion temperature growth, resulting in a significant increase.
Consequently, Ti rises extremely rapidly, eventually pushing the ion-
electron energy exchange power Wie to a notably high level.
Meanwhile, the decreasing value of fa is accompanied by a weakening
of Wa. To conclude, we refer to Eq. (8), which reveals that the differ-
ence in a-particle heating, Wað fai � faeÞ � 1027 W/m3, is significant.
Additionally, the ion-electron energy exchange power, which is slowly
increasing, contributes 2Wie � 1026�27 W/m3 to the overall heating
process. However, the dominant factor is the electron conduction loss,
estimated to be We � 1028 W/m3. Consequently, the ion and electron
temperatures diverge significantly as they evolve.

D. Reaching saturated temperatures

During the stage D depicted in Fig. 5, a saturation phenome-
non becomes evident in both ion and electron temperatures. We
have mentioned the slowly growing electron temperature Te,

electron conduction loss We, the increasing ion temperature Ti,
ion-electron energy exchange Wie, and the decreasing a-particle
heating Wa in stage C. With an increasing temperature gradient,
the energy exchange Wie between ions and electrons significantly
increases. This enhancement allows the energy exchange to be
comparable with both the electron thermal conduction loss We

and the a-particle heating Wafae; ultimately, a balance is achieved
between the energy loss and gain for electrons. Subsequently, the
electron temperature nearly attains a state of saturation. Later,
with the increase in Ti, the a-particle heating power decreases,
while the ion-electron energy exchange Wie continues to adjust,
maintaining the saturation of the electron temperature Te.
Eventually, the heating power from a-particles, represented by
Wa;Wai will decline to a certain low level, reaching a balance with
the ion-electron conduction Wie as expressed in Eq. (2). This bal-
ance contributes to the saturation of the ion temperature Ti.

Note that our model is applicable around the stagnation phase,
which typically lasts for tens of picoseconds. However, in Figs. 5 and 6,
results well beyond the capabilities of our model are displayed for the
intuitiveness of the image. This does not affect our conclusions, as the
co-heating and bifurcated heating phenomena occur in the first few
tens of picoseconds.

The intricate internal plasma environment poses significant
non-linear constraints, stemming from the diverse energy gain and
loss mechanisms at play. However, the ion-electron energy
exchange, functioning as a self-regulating quantity, dynamically
adjusts in response to the varying energy gain and loss mechanisms
of ions and electrons, ultimately leading to the saturation phenome-
non. This phenomenon serves as a vivid illustration of the complex
non-linear constraints inherent in fusion plasmas. Furthermore,
our results underscore a non-isothermal phenomenon that plays a
pivotal role in enhancing the efficient burning of hot spots.
Notably, the primary energy loss mechanism in hot spots is closely
linked to the electron temperature, whereas the fusion heating
mechanism exhibits a positive correlation with ion temperature.
This dynamic imbalance gives rise to a non-equilibrium hot-spot
model, which emerges as an inevitable outcome and represents one
of our most valuable predictions.

V. CONCLUSION AND DISCUSSIONS

In our research, we derive a non-equilibrium ion-electron model,
extending it to consider both isobaric and isochoric conditions. These
conditions exhibit variations in the densities, temperatures, and expan-
sion velocities of the hot spot. Our results reveal intriguing self-
organization phenomena in ion and electron temperatures during the
ignition process. Specifically, we find that ion temperature dominates
over the electron temperature in this process. This phenomenon arises
due to the significant heating effect caused by alpha particles, as well as
the distinct deposition rates of alpha particle heating at high tempera-
tures. Additionally, the reduced rate of energy exchange between elec-
trons and D–T ions contributes to the observed bifurcation. During
ignition, the inherent structure of higher ion temperature and lower
electron temperature directly promotes the enhancement of the D–T
reaction and reduces energy loss through electron conduction.
Consequently, our ion-electron non-equilibrium model holds promise
for improving inertial fusion ignition performed at current mega-joule
laser facilities.
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